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Abstract
Consider the dynamics of two point masses on a surface of constant curvature subject to an attrac-
tive force analogue of Newton’s inverse square law. When the distance between the bodies is suffi-
ciently small, the reduced equations of motion may be seen as a perturbation of an integrable system.
We define suitable action-angle coordinates to average these perturbing terms and observe dynamical
effects of the curvature on the motion of the two-bodies.
1 Introduction
When the geometry of constant curvature spaces was brought to attention in the 19th century, mechan-
ical problems in such spaces presented an opportunity for an interesting variation on familiar themes.
In particular, studying the motion of point masses subject to extensions of Newton’s usual (flat) inverse
square force law to analogous ‘curved inverse square laws’ was soon undertaken, see e.g. the historical
reviews in [5, 6]. Consequently, we speak of the curved Kepler problem or the curved n-body problem to
refer to the mechanics of point masses in a space of constant curvature under such nowadays customary
extensions of Newton’s inverse square force.
While the curved Kepler problem is quite similar to the flat Kepler problem –both being charac-
terized by their conformance to analogues of Kepler’s laws, or super-integrability– there are striking
differences between the curved 2-body problem and the usual 2-body problem. Namely, it has long
been noticed that the absence of Galilean boosts prohibits straightforward reduction of a curved 2-body
problem to a curved Kepler problem, and more recently it has been shown –as an application of Morales-
Ramis theory in [11], and by numerically exhibiting complicated dynamics in [4]– that the curved 2-body
problem, in contrast to the usual 2-body problem, is non-integrable. In this article we will apply clas-
sical averaging techniques to compare some features of certain orbits in these curved and flat 2-body
dynamics.
When the two bodies are close, their motion is a small perturbation of the flat 2-body problem.
Indeed, after reduction, we find their relative motion governed by a Kepler problem and additional
perturbing terms which vanish as the distance between the bodies goes to zero. Consequently their
motion at each instant is approximately along an osculating conic: the conic section the two bodies would
follow if these perturbing terms were ignored. The averaged, or secular, dynamics take into account how
the perturbing terms slowly deform these osculating conics.
Our main results, theorems 1 and 2 below, describe quasi-periodic and periodic motions in the re-
duced curved 2-body problems (see fig. 1).
We will begin in section 2 by recalling properties of the curved Kepler problem, with details in
appendix A. As an aside, in seeking parametrizations of the curved Kepler orbits useful for averaging,
we derive a ’curved Kepler equation’ eq. (6) that, as far as we can tell, is new.
The curved 2-body problem admits symmetries by the isometry group of the space of constant cur-
vature. In section 3, we carry out a Meyer-Marsden-Weinstein (symplectic) reduction to formulate the
equations of motion for the reduced curved 2-body problem (prop. 3.1), and define a scaling of the co-
ordinates (prop. 3.4) allowing us to focus our attention on the dynamics when the two bodies are close
relative to the curvature of the space.
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Figure 1: (a) For two sufficiently close bodies on a sphere, there are motions (blue) along which the two bodies revolve nearly
along conic sections which precess in the direction opposite to the bodies (fast) motion around the conic. The angular momentum
here is vertical, and the whole system rotates about the angular momentum axis. As the two bodies get closer to the equator, their
rate of precession decreases and the eccentricity of their osculating conic increases until at the equator two types of (regularized)
periodic collision orbits survive: one for which the two bodies bounce perpendicularly to the equator (red) and another for which
they bounce along the equator. Similar results hold for two bodies in a negatively curved space, but now the precession is in the
same direction as the bodies motion around the conic (b) with vertical angular momentum and (c) for angular momentum ’to the
right’. We expect some chaotic dynamics to occur near the collision orbits (remark B.2).
In section 4 we prove our two main results, establishing that the behaviour depicted in fig. 1 holds
for ’most’ orbits when the two bodies in a given curved space are sufficiently close.
Remark 1.1. Our results are related to a remark (in section 4.1 of [4]), in that determining the secular
dynamics is a preliminary step towards a proof of non-integrability by ’Poincare´’s methods’. Upon
defining curved analogues of the Delaunay and Poincare´ coordinates, our methods are quite similar to
those applied to the usual 3-body problem in [7], although the setting here is simpler in the sense that
we only need to average over one fast angle.
2 Curved Kepler problems
Newton’s ’1/r’ potential may be characterized by either of the following properties:
• it is a (constant multiple) of the fundamental solution of the 3-dimensional laplacian, ∆R3
• the corresponding central force problem has orbits following Kepler’s laws.
Generalizing these properties to spaces of constant positive (resp. negative) curvature yields ’cotϕ’
(resp. ’cothϕ’) potentials. We refer to [1] for a discussion of these long established potentials and their
properties using central projection (fig. 2), presenting some details here in appendix A. In particular,
the curved Kepler problems are super integrable and on the open subset of initial conditions leading to
bounded non-circular motions we have action-angle coordinates, (L, `,G, g) where the energy depends
only on L (see prop. A.5).
In what follows, we will consider motions satisfying ϕ = O(ε) for all time, where ε is a small parame-
ter. Evidently, for these Kepler problems, such orbits are central projections of elliptic orbits in the plane.
Also, to avoid repetitive arguments and computations, we will give details for the positive curvature
case and remark on the analogous results for negative curvature.
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Figure 2: The curved Kepler dynamics –with fixed center of attraction or ’sun’ at qs– may be characterized by requiring that its
unparametrized trajectories centrally project to those of the flat Kepler problem in the tangent plane at qs. Setting ρ = |cqs|, the
sphere has curvature κ = 1/ρ2 and the hyperboloid (with the restricted Minkowski metric) has curvature κ = −1/ρ2. We call
ϕ := ∠(qscq) (resp. ϕ˜ := ∠(qscq˜) measured with the Minkowski inner product) the angular distance from q to qs (resp. q˜ to qs).
The distance from q on the sphere to qs is given by ρϕ, while the distance from q˜ to qs on the hyperboloid is given by ρϕ˜. We set
r := |qoqs| = ρ tanϕ = ρ tanh ϕ˜.
3 Curved two body problems
Let S2 be the sphere of curvature κ, with ‖·‖κ the norm given by its constant curvature metric. Consider
two point masses,
(q1, q2) =: q ∈ (S2 × S2)\{| cotϕ| =∞} =: Q,
on this sphere of masses m1,m2 > 0 with ϕ the angular distance between q1 and q2. Normalize the
masses so that m1 +m2 = 1. We consider the Hamiltonian flow on T ∗Q of:
F :=
‖p1‖2κ
2m1
+
‖p2‖2κ
2m2
− m1m2
ρ
cotϕ.
The tangential components of the forces are of equal magnitude and directed towards eachother
along the arc
_
q1q2. By letting ~qj be the position vector of qj from the center of the sphere, the components
of the angular momentum vector:
~C := m1~q1 × ~˙q1 +m2~q1 × ~˙q2
are first integrals. They correspond to the symmetry by the diagonal action, (q1, q2) 7→ (gq1, gq2), of SO3
on Q. Since ϕ 6= 0, pi in Q, this SO3 action on each level set {ϕ = cst.} ⊂ Q is free and transitive. By
choosing a representative configuration (see fig. 3) in each level set of ϕ we obtain a slice of this group
action and have:
Q ∼= I × SO3, I = (0, pi) 3 ϕ,
such that the SO3 action is by left multiplication on the second factor.
Figure 3: Our choice of representative configuration. Embed the sphere of curvature κ inR3, centered at the origin and take an
orthonormal basis iˆ, jˆ, kˆ with ~C = Ckˆ. We take qo(ϕ) := (−ρ sinm2ϕjˆ + ρ cosm2ϕkˆ, ρ sinm1ϕjˆ + ρ cosm1ϕkˆ). Given q ∈ Q
with angular distance ϕ between the two bodies, there is a unique element g ∈ SO3 with q = gqo(ϕ).
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3.1 Reduced equations of motion
An application of symplectic reduction (see e.g. [3] App. 5) gives:
Proposition 3.1. Fix the angular momentum ~C 6= 0. The reduced 2-body dynamics on a sphere of curvature
κ = 1ρ2 takes place in T
∗I ×Oµ, where Oµ is a co-adjoint orbit in so∗3. It is the Hamiltonian flow of:
Fred = Kepκ + κ(
‖~C‖2
2
− p2θ) +O(ϕ), dpϕ ∧ dϕ+ dpθ ∧ dθ,
for |pθ| < ‖~C‖, and with Kepκ = p
2
ϕ+p
2
θ/ sin
2 ϕ
2ρ2m1m2
− m1m2ρ cotϕ, the Hamiltonian for a curved Kepler problem.
Proof. We first find the mass weighted metric, 〈(~v1, ~v2), (~u1, ~u2)〉 = m1~v1 · ~u1 + m2~v2 · ~u2, in terms of
our identification Q ∼= I × SO3 (fig. 3). Since the metric is invariant under left translations, it suffices to
determine it at the identity (our representative configurations, qo, in fig. 3).
Let X1, X2, X3 be the infinitesimal symmetry vector fields generated by rotations about the iˆ, jˆ, kˆ
axes. Together with ∂ϕ, they frame Q. We compute:
〈∂ϕ, ∂ϕ〉qo = ρ2m1m2 〈X1, X1〉qo = m1‖ˆi× ~qo1‖2 +m2‖ˆi× ~qo2‖2 = ρ2
〈X2, X2〉qo = ρ2(m1 cos2m2ϕ+m2 cos2m2ϕ) 〈X3, X3〉qo = ρ2(m1 sin2m2ϕ+m2 sin2m2ϕ)
〈X2, X3〉qo = ρ2(m1 cosm2ϕ sinm2ϕ−m2 cosm1ϕ sinm1ϕ),
all other inner products being zero. In terms of Q’s co-frame, {dϕ,Xj}, dual to the above frame, the
metric is given by inverting its {∂ϕ, Xj}matrix representation:
〈dϕ, dϕ〉qo = 1
ρ2m1m2
〈X1, X1〉qo = 1
ρ2
〈X2, X2〉qo = m1 sin
2m2ϕ+m2 sin
2m2ϕ
m1m2ρ2 sin
2 ϕ
〈X3, X3〉qo = m1 cos
2m2ϕ+m2 cos
2m2ϕ
m1m2ρ2 sin
2 ϕ
〈X2, X3〉qo = m2 cosm1ϕ sinm1ϕ−m1 cosm2ϕ sinm2ϕ
m1m2ρ2 sin
2 ϕ
.
We identify T ∗Q ∼= T ∗I × (SO3 × so∗3) by right translation: αg ∈ T ∗g SO3 7→ (g,R∗gαg). In these
coordinates, the symplectic lift of SO3’s left action on Q is given by: g · (ϕ, pϕ, h, µ) = (ϕ, pϕ, gh,Ad∗g−1µ)
with associated moment map: J(ϕ, pϕ, g, µ) = µ. The reduced dynamics takes place on the quotient
Pµ := J
−1(µ)/Gµ ∼= T ∗I × Oµ, realized by: (ϕ, pϕ, g, µ) 7→ (ϕ, pϕ, Ad∗gµ). The reduced symplectic form
on Pµ is dpϕ ∧ dϕ+ Ω, where Ων(ad∗ξν, ad∗ην) = ν([ξ, η]) is the Kirillov-Kostant form on Oµ.
By left invariance of the two body Hamiltonian, F , we have: F (ϕ, pϕ, g, µ) = F (ϕ, pϕ, e, Ad∗gµ), or
letting ν = Ad∗gµ = νjXj(qo), and m = m1m2, we have:
Fred =
p2ϕ
2mρ2
− m
ρ
cotϕ+
ν21
2ρ2
+ ν22
m1 sin
2m2ϕ+m2 sin
2m1ϕ
2mρ2 sin2 ϕ
(1)
+ν23
m1 cos
2m2ϕ+m2 cos
2m1ϕ
2mρ2 sin2 ϕ
+ ν2ν3
m2 cosm1ϕ sinm1ϕ−m1 cosm2ϕ sinm2ϕ
mρ2 sin2 ϕ
.
Now, using that sin
2 ax
sin2 x
is an analytic function around x = 0, with expansion a2 +O(x2), and that the
ν2ν3 coefficient is analytic around ϕ = 0 of O(ϕ), and ν21 + ν22 + ν23 = ‖~C‖2, we have:
Fred =
p2ϕ
2mρ2
+
ν23
2mρ2 sin2 ϕ
− m
ρ
cotϕ+ κ(
‖~C‖2
2
− ν23) +O(ϕ).
Finally, recall that the Kirillov-Kostant form is given by Ω = dpθ ∧ dθ when we parametrize Oµ –
away from the poles |pθ| = ‖~C‖ – as (
√
‖~C‖2 − p2θ sin θ,
√
‖~C‖2 − p2θ cos θ, pθ) = (ν1, ν2, ν3).
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Remark 3.2. For equal masses, the expression for Fred may be simplified by taking ψ = ϕ/2, pψ = 2pϕ.
One has: Fred = Kepκ + tanψ8ρ + κ
‖~C‖2−p2θ
2 (1 + (tanψ cos θ)
2), where Kepκ = 12ρ2 (p
2
ψ +
p2θ
sin2 ψ
)− cotψ8ρ .
Remark 3.3. In [11], symplectic reduction was also applied to reduce the curved 2-body problems.
However, for purposes of comparison, it was not clear to us what representative configuration or slice
of the group action was used, which led us to present a reduction here ’from scratch’. Our choice
of representative (fig. 3) was motivated by the mass metric being more diagonal, namely requiring:
〈∂ϕ, Xj〉 = 0.
Next, we introduce a small parameter, ε, to study the dynamics when ϕ = O(ε):
Proposition 3.4. The dynamics on the open set ϕ = O(ε) may be reparametrized as that of:
Fˆred = Kepε2 + Per, ωˆ = dLˆ ∧ dˆ`+ dGˆ ∧ dgˆ
where Kepε2 = − m
3
2Lˆ2
+ ε
2Lˆ2
2m , m = m1m2, and Per = ε
2
(
Cˆ2
2 − Gˆ2 + (m2 −m1)O(ε) +O(ε2)
)
.
Proof. Take Delaunay coordinates (app. A.5), (L,G, `, g), for theKepκ term ofFred. LetL2 =: ρεLˆ2, G2 =:
ρεGˆ2, ‖~C‖2 =: ρεCˆ2, so that ϕ = O(ε). The dynamics of Fˆred := ρεFred with symplectic form ωˆ :=
dLˆ ∧ d`+ dGˆ ∧ dg = ω/√ρε, corresponds to the time reparametrization: (ρε)3/2tˆ = t, where tˆ is the new
time. Note that the mean anomaly, ˆ`, for Kepε2 is the same as the mean anomaly, `, for the Kepκ term,
as can be easily checked by comparing d` = ∂LKepκ dt and dˆ`= ∂LˆKepε2 dtˆ.
Remark 3.5. The scaling above includes the possibility of taking ε = 1/ρ, and in place of imagining the
bodies as close, view their distance remaining bounded as the curvature of the space goes to zero.
Remark 3.6. When the curvature is negative, eq. (1) has the trigonometric functions replaced by their
hyperbolic counterparts, and with so∗2,1’s coadjoint orbits: ν21 + ν22 − ν23 = ‖~C‖22,1 replacing the coadjoint
orbits of so∗3. One arrives at Fˆred = Kep−ε2 + ε2(
‖Cˆ‖22,1
2 + Gˆ
2 + (m2 −m1)O(ε) +O(ε2)).
4 Secular dynamics
The secular or averaged dynamics refers to the dynamics of the Hamiltonian:
〈Fred〉 := 1
2pi
∫ 2pi
0
Fred(L, `,G, g) d`.
The secular dynamics is integrable, L being a first integral. We will use the brackets to denote a functions
averaged over `, namely 〈f〉 = 12pi
∫ 2pi
0
f d`. The dynamical relevance of the secular Hamiltonian is due
to its appearance in a series of ’integrable normal forms’ for the reduced curved 2-body dynamics:
Proposition 4.1. Consider the scaled Hamiltonian, (Fˆred, ωˆ), of proposition 3.4. For each k ∈ N, there is a
symplectic change of coordinates, (ψk)∗ωˆ = ωˆ, with:
Fˆred ◦ ψk = Kepε2 + 〈Per〉+ 〈F 1〉+ ...+ 〈F k−1〉+ F k
and each F j = O(ε2j+3). When the masses are equal, F j = O(ε2j+4).
Proof. The iterative process to determine the sequence of ψk and F k’s is not new (see [7]). For the first
step, let ψ1 be the time 1-flow of a ’to be determined’ Hamiltonian χ. By Taylor’s theorem:
Fˆred ◦ ψ1 = Kepε2 + Per + {Kepε2 , χ}+ {Per, χ}+
∫ 1
0
(1− t) d
2
dt2
(Fˆred ◦ ψt) dt.
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Let P˜ er := Per − 〈Per〉. Note that, while Per = O(ε2), we have P˜ er = O(ε3). Taking nˆχ :=∫ `
0
P˜ er(Lˆ, l, Gˆ, g) dl, where nˆ = ∂LˆKepε2 , we have:
Per + {Kepε2 , χ} = 〈Per〉, χ = O(ε3),
so that for ε sufficiently small ψ1 is defined. Finally, integrating by parts, one has
F 1 := {Per, χ}+
∫ 1
0
(1− t) d
2
dt2
(Fˆred ◦ ψt) dt =
∫ 1
0
{〈Per〉+ tP˜ er, χ} ◦ ψt dt = O(ε5).
Remark 4.2. The truncated, or k’th order secular system: Seck := Kepε2 + 〈Per〉 + 〈F 1〉 + ... + 〈F k−1〉
is integrable, since it does not depend on `. If the sequence ψk converged, the curved 2-body problem
would be integrable, although by [11] we know there is no such convergence. For each fixed k how-
ever, the k’th order secular system approximates the true motion over long time scales in a region of
configurations with the 2-bodies sufficiently close.
In appendix B, we compute an expansion of 〈Per〉 in powers of ε, eq. (10). Via this expansion, one
finds two unstable periodic orbits (red in fig. 1), whose stable and unstable manifolds coincide for the
integrable secular dynamics. The complicated dynamics which would result from the splitting of these
manifolds is a likely mechanism responsible for the non-integrability of the curved 2-body problem.
By ignoring the O(ϕ) terms in Fred, the Keplerian orbits experience precession (see fig. 1):
G˙ = 0, g˙ = −2κG.
When the curvature is positive, the conic precesses in a direction opposite to the particles (fast) motion
around the conic, while when the curvature is negative the precession occurs in the same direction as the
particles motion. We will check that for ϕ sufficiently small, many such orbits survive the perturbation
of including the O(ϕ) terms: they may be continued to orbits of the reduced curved 2-body problem
and then lifted to orbits of the curved 2-body problem.
4.1 Continued orbits
Applying a KAM theorem from [9], establishes certain quasi-periodic motions of the reduced problem.
Introducing some notation, for γ > 0, τ > 1, let
Dγ,τ := {v ∈ R2 : |k · v| ≥ γ
(|k1|+ |k2|)τ ,∀k = (k1, k2) ∈ Z
2\0}
be the (γ, τ)-Diophantine frequencies. Take
Bˆ := {(Lˆ, Gˆ) : 0 < Gˆ ≤ Lˆ < 1}
and let
(I, θ) = (I1, I2, θ1, θ2) = (Lˆ, Gˆ, `, g) +O(ε
3)
be action-angle variables for some kth order secular system, with B = {(I1, I2) : (Lˆ, Gˆ) ∈ Bˆ} ⊂ R2
equipped with the Lebesgue measure, Leb, restricted to B.
The reduced curved 2-body problem has, for ϕ sufficiently small, a positive measure of invariant tori
along each of which the motions are quasi-periodic. More precisely:
Theorem 1. Fix τ > 1, γˆ > 0,m > 2 and set γ := εmγˆ. There exists ε0 > 0 such that for each 0 < ε < ε0, we
have:
(i) A positive measure set, dγ,τ ⊂ B,
(ii) for each Io ∈ dγ,τ , there is a local symplectic change of coordinates, ψo, for which ψo(Io, θ) is an invariant
torus of Fˆred with frequency in Dγ,τ .
(iii) As ε→ 0, Leb(dγ,τ )→ Leb(B) and ψo → id (in the Whitney C∞ topology).
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Proof. We verify the hypotheses of [9]. Let (I, θ) be action-angle variables for a k’th order secular system
(remark 4.2) with 2k > 2m− 3. Setting s := Io ∈ B, and r := I − Io, we have by Taylor expansion:
F os := Sec
k = cos + α
o
s · r +O(r2)
where cos := Seck(Io), αos := dSeck(Io) = O(1, ε2). Likewise, we take Fs := Fˆred(r, θ) around s = Io.
Since we have chosen 2k + 1 > 2m, we have
|Fs − F os | = o(γ2)
for ε sufficiently small. So ([9] Thm. 15 and remark 21) there exists a map B 3 s 7→ αs ∈ R2, with
|αs − αos| << 1 in the C∞-Whitney topology such that provided αs ∈ Dγ,τ , we have Fˆred ◦ ψo = cs +
αs · r + O(r2; θ) for some local symplectic map ψo. It remains to check that dγ,τ := {s : αs ∈ Dγ,τ} is
non-empty. Since m > 2 and αs = O(1, ε2) we have ([9] Cor. 29)
Leb(B\dγ,τ ) = O(ε
m−2
µ )
for some constant µ > 0. So indeed, for ε sufficiently small, dγ,τ has positive measure and is non-
empty.
Remark 4.3. As the reduced dynamics has two degrees of freedom, there is KAM-stability in the ϕ << 1
regime: the invariant tori form barriers in energy level sets.
One may also apply the implicit function theorem to establish periodic orbits of long periods for the
reduced dynamics:
Theorem 2. Let m,n ∈ N. Then for m sufficiently large, there exist periodic orbits of the reduced curved 2-body
problem for which the bodies makem revolutions about their osculating conics, while the osculating conic precesses
around the origin n times.
Proof. We will consider non-equal masses, a similar argument applies for equal masses. After iso-
energetic reduction, the equations of motion for Gˆ, g are eq. (10):
dGˆ
d`
= ε3m sin g +O(ε4),
dg
d`
= −2ε2Gˆ+O(ε3),
where m(Lˆ, Gˆ) 6= 0 for non-circular motions. Consider the ’long time return map’:
P ε(G
o, go) :=
∫ 2pi/ε2
0
(
1
ε
dGˆ
d`
,
dg
d`
) d`,
the integral taken over an orbit with initial condition Go, go. When P ε(Go, go) = (0,−2pin) and 1/ε2 =
m ∈ N, we have a periodic orbit as described in the theorem. The map P ε is analytic in ε, with
P 0(G
o, go) = (m sin go, − 2Go).
By the implicit function theorem, go ≡ 0 mod pi,Go = pin, continues to solutions of P ε(Gε, gε) =
(0,−2pin) for 0 < ε < εo, yielding periodic orbits of long periods for those ε with 1/ε2 = m ∈ N.
Remark 4.4. When the curvature is positive the precession is, as with the quasi-periodic motions, in the
opposite direction to the particles motion around the conic, while for negative curvature in the same
direction.
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4.2 Lifted orbits
The continued orbits are the image under a near identity symplectic transformation of certain orbits of
Fred with the O(ϕ) terms neglected:
Hred := Kepκ + κ(
‖~C‖2
2
−G2).
We describe how the precessing Keplerian orbits of Hred lift to T ∗Q.
In the reduced space, T ∗I ×Oµ, the orbits of Hred are given by:
(pϕ(t), ϕ(t), Ad
∗
g(t)µ)
where g(t) = Riˆ(λ)Rkˆ(θ(t)) is a rotation by θ(t) about the kˆ-axis followed by a rotation by λ about
the iˆ-axis. Moreover, (ϕ(t), θ(t)) describe a precessing orbit of the curved Kepler problem having G =
‖~C‖ cosλ for its angular momentum.
We take ~C = Ckˆ (fig. 3), so that the isotropy is by rotations about the kˆ-axis. The ambiguity in the
reduced orbit is Ad∗g(t)Ad
∗
h(t)µ where h(t) = Rkˆ(ω(t)). Hence the lifted orbit, on T
∗Q, is of the form:
(∗) (ϕ(t), pϕ(t), h(t)g(t), µ).
The HamiltonianHred is the symplectic reduction ofH on T ∗Q given byH(ϕ, pϕ, g, µ) = Hred(ϕ, pϕ, Ad∗gµ).
Requiring the lifted curve (∗) to satisfy the equations of motion of H , imposes the condition:
ω˙ = κ‖~C‖.
In summary, a precessing Keplerian orbit with angular momentum G lifts to an orbit with angular
momentum ~C = Ckˆ on Q where the two bodies follow precessing Keplerian orbits centered (we use
the notion of ’center’ from fig. 3 here) on the colatitude, λ, satisfying C cosλ = G. The whole system is
rotated with angular speed κC about the kˆ axis.
Remark 4.5. As λ → pi/2, the center of the system approaches the equator and the bodies move along
more eccentric conic sections until at the equator we have collision orbits. The rate of precession de-
creases as one moves closer to the equator, where the collision orbits cease to precess (see remark B.2,
for a finer description of the equatorial behaviour). When C > L, there is a maximal value of λ, and
such orbits are constrained to bands around the equator.
The true motions of the curved 2-body problem established in the previous section are qualitatively
the same as such lifted orbits of Hred, performing small oscillations around them.
A Action-angle coordinates for the curved Kepler problem
A.1 Curved conics
The Kepler problem on a sphere of radius ρ with a fixed ’sun’, qs, of mass M and particle, q ∈ S2, of
mass m is given by the Hamiltonian flow of:
Kepκ :=
‖p‖2κ
2m
− mM
ρ
cotϕ
on T ∗(S2\{| cotϕ| =∞}). Here ‖ · ‖κ is the norm induced by the metric of constant curvature κ = 1/ρ2
on S2 and ϕ is the angular distance from qs to q (see figure 2). For a negatively curved space, one replaces
cotϕ with cothϕ.
Because the force is central, letting ~q ∈ R3 be the position of the particle from the center, c, of the
sphere and kˆ a unit vector from c to qs, the angular momentum:
G := m( ~q × ~˙q ) · kˆ (2)
is a first integral. It corresponds to the rotational symmetry about the ~cqs axis.
8
RemarkA.1. In spherical coordinates, ~q = ρ(sinϕ cos θ, sinϕ sin θ, cosϕ), we have: ‖p‖2κ = 1ρ2 (p2ϕ+ p
2
θ
sin2 ϕ
),
and G = mρ2 sin2 ϕθ˙ = pθ. In these coordinates, it is not hard to show analytically that the curved
Kepler trajectories centrally project to flat Kepler orbits (fig. 2). Indeed, setting R := 1/r = cotϕρ , one
finds d
2R
dθ2 + R = m
2M/G2, so that the θ-parametrized orbits are: r = G
2/m2M
1+e cos(θ−g) , with e and g being
constants of integration. Here ν := θ − g is the true anomaly and g is the argument of pericenter.
The curved Kepler trajectories are in fact conic sections on the sphere having a focus at qs (see fig. 4).
One may express energy and momentum in terms of geometric parameters of such spherical conics.
Figure 4: An ellipse on the sphere, with foci at qs and f is the set of points q for which |qqs|+ |qf | = 2α is constant. We call α its
semi-major axis, the midpoint, qc, between the foci its center, and the length |bqc| =: β its semi-minor axis. The number, , for which
|qsqc| = α is called the eccentricity. When  6= 0, the closest point to qs is called the pericenter, pc, and furthest, ac, the apocenter.
The angle ν := ∠(pc, qs, q) is called the true anomaly of q.
Proposition A.2. (see [1]) Consider an orbit of the curved Kepler problem along a spherical conic with a focus
at qs (fig. 4). Let α be the semi-major axis and β the semi-minor axis of this conic. The orbit has energy and
momentum:
Kepκ = −mM
ρ
cot
2α
ρ
,
G2 = m2Mρ tan2
β
ρ
cot
α
ρ
.
Proof. Consider the spherical triangle ∆(f, qs, q) with sidelengths 2α, ρϕ, 2α−ρϕ and interior angle pi−ν
opposite to side
_
fq (see fig. 4). The cosine rule of spherical trigonometry yields: r = ρ tanϕ = p
2
1+e cos ν ,
where p2 = ρ
cos 2αρ −cos 2αρ
sin 2αρ
and e =
sin 2αρ
sin 2αρ
, so that the orbits are indeed curved conic sections. Comparing
with the expression in remark A.1 yields G2 = m2Mp2. The expression for G in the proposition follows
by using the relation: cos βρ =
cos αρ
cos αρ
(consider the right spherical triangle ∆(qs, qc, b)), to simplify.
To obtain the expression for Kepκ, observe that ϕp :=
α(1−)
ρ and ϕa :=
α(1+)
ρ are maximal and
minimal values of ϕ over the trajectory having energy Kepκ =: h. Consequently pϕ = 0 at ϕa,p so we
have two solutions of the equation: h cos 2ϕ = mMρ sin 2ϕ + h − G
2
ρ2 . Adding and subtracting the above
equation evaluated at ϕa,p yields: Kepκ = h = mMρ
sin 2ϕa−sin 2ϕp
cos 2ϕa−cos 2ϕp = −mMρ cot(ϕa + ϕp).
Remark A.3. The sign of G represents the orbits orientation, with positive G for counterclockwise mo-
tion around qs. The same arguments apply to bounded motions when the curvature is negative, replac-
ing trigonometric functions with their hyperbolic counterparts. The energy for bounded motions in a
space of curvature κ = −1/ρ2 is always less than −mM/ρ.
9
Remark A.4. The orbits of the curved Kepler problem colliding with qs may be ’regularized’ similarly
to the usual Kepler regularization, via an elastic bounce [2].
A.2 Delaunay and Poincare´ coordinates
We have the following analogues of the Delaunay and Poincare´ symplectic coordinates for the curved
Kepler problem:
Proposition A.5. Let G be the angular momentum, g the argument of pericenter,
L2 := m2Mρ tan
α
ρ
, L > 0,
and ` be proportional to the area swept out by the orthogonal projection along the conic from pericenter, scaled so
that ` ∈ R/2piZ. Then (L, `,G, g) are symplectic (Delaunay) coordinates for bounded non-circular motions. The
variables:
Λ = L, λ = `+ g, ξ =
√
2(L− |G|) cos g, η =
√
2(L− |G|) sin g,
are symplectic (Poincare´) coordinates in a neighborhood of the circular motions.
The energy is given by:
Kepκ = −m
3M2
2L2
+ κ
L2
2m
. (3)
Proof. The construction of these coordinates is almost identical as for the planar Kepler problem (see
e.g. [8]). We only found some difference in the computation determining L, owing to the fact that in
the curved case, the period as a function of energy (Kepler’s third law) does not have such a simple
expression.
For non-circular motions, we have symplectic coordinates (H = Kepκ, t, G, g), where t is the time.
Since orbits of fixed energy, Kepκ = H , all have a common period, T (H), we set ` = 2piT (H) t and seek a
conjugate coordinate L(H) to `, i.e. we want to integrate:
dL =
T (H)
2pi
dH.
To integrate this expression, we make some changes of variable. For H an energy value admitting
bounded motions, let ϕc(H) be the angular distance of the circular orbit having energy H . Then:
H = −mM
ρ
cot 2ϕc, GcT (H) = 2pimρ
2 sin2 ϕc
where G2c := ρm2M tanϕc is the angular momentum of the circular solution. Note that
(∗) H = −m
3M2
2G2c
+ κ
G2c
2m
.
We compute that T2pidH = dGc. So we take L = Gc, and have L
2 = m2Mρ tan αρ from (∗) and prop.
A.2.
Remark A.6. The mean anomaly, `, is related to time by d` = n dt where n(L) := m
3M2
L3 + κ
L
m . When
the curvature is negative, the same arguments lead to L2 = m2Mρ tanh αρ , and the same expression, eq.
(3), for the energy.
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A.3 Other anomalies
In averaging functions over curved Keplerian orbits, e.g.: determining 12pi
∫ 2pi
0
f(q) d`, it is often useful
to perform a change of variables, as the position on the orbit, q, does not have closed form expressions
in terms of `. We collect here some parametrizations of Keplerian orbits. Although not all are necessary
for our main results, they may serve useful in other perturbative studies of the curved Kepler problem.
The position on the conic is given explicitely in terms of the true anomaly (remark A.1). By conser-
vation of angular momentum (recall d` = n dt with n = m
3M2
L3 + κ
L
m ):
G d` = n mρ2 sin2 ϕ dν.
One may centrally project a curved Kepler conic to the tangent plane at qs and then parametrize this
planar conic by its eccentric anomaly, which we denote here by uo. Letting a, e, b be the semi-major axis,
eccentricity and minor axis of this planar conic, the position is given by:
r = ρ tanϕ = a(1− e cosuo) x = r cos ν = a(cosuo − e) y = r sin ν = b sinuo (4)
and one has: √
M
a
d` = n ρ sinϕ cosϕ duo. (5)
Some more parametrizations arise naturally when one orthogonally projects the curved Kepler ellipse
onto the tangent plane at qs. The time-parametrized motion along this plane curve sweeps out area at
a constant rate, however it is now a quartic curve: the locus of a 4th order polynomial in the plane.
This quartic may be seen naturally as an elliptic curve and then parametrized by Jacobi elliptic func-
tions. Taking R = ρ sinϕ,X = R cos ν, Y = R sin ν, the quartic is the projection to the XY -plane of the
intersection of the quadratic surfaces:
R2 = X2 + Y 2, (R+ eX)2 = p2(1− κR2),
where p, e are as in the proof of prop. A.2. Consequently we find the parametrization:
R = ρ sin
α
ρ
k′ndkw − ρ cos α
ρ
kcdkw X = ρ sin
α
ρ
k′cdkw − ρ cos α
ρ
kndkw Y = ρ tan
β
ρ
cos
α
ρ
sdkw.
where k = sin αρ , k
′ = cos αρ . Since the area is swept at a constant rate, one computes:
ρ sin
α
ρ
d` = ρ sinϕ dw.
which integrates to give a ’curved Kepler equation’, i.e. the relation between position and time through:
` = arccos cdkw −
cot αρ
2
log
1 + ksnkw
1− ksnkw (6)
It turns out that a geometric definition of eccentric anomaly, u (see fig. 5), is the Jacobi amplitude of w:
du = dnkw dw,
which can be established by using spherical trigonometry to give the position in terms of u, and some
straightforward, although tedious, simplification.
Remark A.7. Projecting the spherical orbits from the south pole leads as well to quartic curves in the
tangent plane at qs, however along these quartics the time-parametrization is no longer by sweeping
area at a constant rate –as it is for orthogonal projection– which we found only led to complicated
expressions. Another parametrization of the orbits is presented in [10] eq. (28), and used to derive a
different ’curved Kepler equation’ from our eq. (6).
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Figure 5: A geometric eccentric anomaly, u, for a (non-circular) Keplerian conic on the sphere. One inscribes a circle around
the conic and to a point q on the conic assigns the angle u := ∠(pc, qc, p), where p is the intersection of the circle with the
perpendicular dropped from q to the major axis.
B Expansion of 〈Per〉
We will compute an expansion in powers of our small parameter ε for 〈Per〉 (prop. 3.4) upto O(ε5),
eq. (10). This expansion may be found by using the ’flat eccentric anomaly’, uo, of eq. (5) to average
the terms. With this approach, it is necessary to make use of the following formulas allowing one to
translate between the major axis and eccentricity (a, e) of the centrally projected planar conic and our
Delaunay coordinates:
a =
L2
m2
(
1
1− κm4L2(L2 −G2)
)
= ρε
Lˆ2
m2
(1 +O(ε2)), e2 = (1− Gˆ
2
Lˆ2
)(1 +
ε2
m4
Lˆ2Gˆ2)
(recall we set m = m1m2). Note that by eq. (4), r = ρ tanϕ = ρO(ε), so indeed ϕ = rρ +O(ε
3) is O(ε).
By Taylor expansion of eq. (1) in ϕ, and then exchanging ϕ to rρ , we have:
Per = ε2
(
Cˆ2
2
− Gˆ2 + 2
3
(m2 −m1)Gˆ
√
Cˆ2 − Gˆ2 r cos θ
ρ
+ ((Cˆ2 − Gˆ2) cos2 θ − Gˆ2)σ r
2
ρ2
)
+O(ε5), (7)
where we set σ = 1−(m
3
1+m
3
2)
6 . So, to determine 〈Per〉 = 12pi
∫ 2pi
0
Per d` upto O(ε5), it remains to find:
〈r cos θ〉, 〈r2 cos2 θ〉, 〈r2〉.
By eq. (5), d` = n
√
a r1+κr2 duo = n
√
ar(1− κr2 +O(ε4)) duo, where
n
√
a =
m2
ρεLˆ2
+O(ε).
Hence:
〈r cos θ〉 = n
√
a
2pi
∫ 2pi
0
r2 cos θ − κr3 cos θ duo +O(ε3).
Using θ = ν + g, and the expressions for r, r cos ν, r sin ν from eq. (4), we obtain:
〈r cos θ〉 = a2en√a cos g
(
−3
2
+ κa(2 +
e2
2
)
)
.
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Or, in terms of the (scaled) Delaunay coordinates:
〈r cos θ〉 = ρε cos g Lˆ
√
Lˆ2 − Gˆ2
(
−3
2
+
ε
2ρm2
(5Lˆ2 − Gˆ2)
)
+O(ε3). (8)
Likewise, one computes:
〈r2 cos2 θ〉 = ρ
2ε2
2m4
Lˆ2
(
2Lˆ2 + (3 + 5 cos 2g)(Lˆ2 − Gˆ2)
)
+O(ε4), 〈r2〉 = ρ
2ε2
2m4
Lˆ2(5Lˆ2 − 3Gˆ2) +O(ε4).
(9)
Combining eqs. (8), (9) with the averaged eq. (7), yields:
〈Per〉 = ε2
(
Cˆ2
2
− Gˆ2
)
+ ε3
(
m∆LˆGˆ
√
(Cˆ2 − Gˆ2)(Lˆ2 − Gˆ2) cos g
)
+ε4
[
m˜Lˆ2
(
(Cˆ2 − Gˆ2)(2Lˆ2 + (Lˆ2 − Gˆ2)(3 + 5 cos 2g))− Gˆ2(5Lˆ2 − 3Gˆ2)
)
− m∆
3ρm2
LˆGˆ
√
(Lˆ2 − Gˆ2)(Cˆ2 − Gˆ2)(5Lˆ2 − Gˆ2) cos g
]
+O(ε5),
(10)
where we set m∆ = m1 −m2, m˜ = 1−m
3
1−m32
12m4 , and m = m1m2.
Remark B.1. When the masses are equal, one may avoid the need to take expansions as we have done
here by using the simplified expression in remark 3.2, and making use of the different anomalies pre-
sented in section A.3 to obtain explicit expressions.
Taking into account higher order terms of 〈Per〉 leads to finer descriptions of the orbits. For ex-
ample above we have for the most part worked at order ε2, at which we see the precession properties
described for our continued orbits. Considering the order 3-terms (or order 4-terms with equal masses),
one arrives at a more precise description of the near collision orbits. Namely, upon fixing a value of L,
the phase portrait of the secular dynamics on the (G, g) cylinder near G = 0 is qualitatively as that of
the pendulum: there are two unstable (saddle) fixed points with G = 0, g = 0, pi, having a heteroclinic
connection. These fixed points lift to the red collision orbits of fig. 1. One corresponds to a collision orbit
with body 1 in the northern hemisphere and body 2 in the southern hemisphere while the other collision
orbit has body 2 in the northern hemisphere.
Remark B.2. For the true dynamics, one expects a splitting of these stable and unstable manifolds. If one
could establish a transversal intersection between these manifolds, one would obtain random motions
near these collision orbits along the equator of the following form. For any sequence s1, s2, ... with
sk ∈ {1, 2}, there would exist an orbit for which, during the time interval [nT, (n + 1)T ] the two bodies
are closely following the periodic collision orbit with body sn in the northern hemisphere, where T > 0
is some sufficiently long time period.
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